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Abstract

Traditionalhypergraphpartitioningalgorithmscomputea bisectiona graphsuchthat thenumberof hyperedges
thatarecutby thepartitioningisminimizedandeachpartitionhasanequalnumberof vertices.Thetaskof minimizing
the cutcanbe consideredas the objective and the requirementthat the partitionswill be of the samesizecanbe
consideredastheconstraint. In this paperwe extendthepartitioningproblemby incorporatinganarbitrarynumber
of balancingconstraints.In our formulation,avectorof weightsis assignedto eachvertex, andthegoalis to produce
abisectionsuchthatthepartitioningsatisfiesa balancingconstraintassociatedwith eachweight,while attemptingto
minimizethecut. Wepresentnew multi-constrainthypergraphpartitioningalgorithmsthatarebasedonthemultilevel
partitioningparadigm.We experimentallyevaluatetheeffectivenessof our multi-constraintpartitionerson a variety
of syntheticallygeneratedproblems.
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1 Intr oduction
The traditionalhypergraphbisectionproblemdividesthe verticesinto two partitionssuchthat the hyperedge-cutis
minimizedandeachpartitionhasroughlyanequalnumberof vertices(or in thecaseof weightedhypergraphs,thesum
of thevertex-weightsin eachpartitionis thesame).Thetaskof minimizing the cutcanbeconsideredastheobjective
andtherequirementthatthepartitionsareof thesamesizecanbeconsideredastheconstraint. This single-objective
single-constrainthypergraphpartitioningformulationhasextensiveapplicationto many areas,includingVLSI design
[3], efficient storageof largedatabaseson disks[11], anddatamining [10]. Unfortunately, this problemformulation
is not sufficient to modeltheunderlyingpartitioningrequirementsof mostproblemsarisingin VLSI design,asmost
of theproblemsareinherentlymulti-objectiveandmulti-constraint.

In thispaperwepresentageneralizedhypergraphbisectionproblemin whichavectorof weightsis assignedto each
vertex. Thegoalis to produceabisectionof thehypergraphsuchthatit satisfiesabalancingconstraintassociatedwith
eachoneof theweights,while attemptingto minimizethe cut(i.e., theobjective function). We referto it asa multi-
constraint hypergraphpartitioningproblem. This multi-constraintframework canbe usedto computepartitionings
for a numberof interestingproblems.For instance,usingthis framework we cancomputecircuit partitioningsthat
not only minimize the numberof netsbeingcut, but alsosimultaneouslybalancethe area,power, noise,nets,pins,
etc., of thepartitions.Suchpartitioningshave thepotentialof leadingto better, morereliable,predictable,androbust
VLSI designmethodologies.This formulationbuilds uponthe recentlydevelopedmulti-constraintformulationsfor
thegraphpartitioningproblem[6] thathasbeenshown to have extensive applicationsin loadbalancingmulti-phase
andmulti-physicsnumericalsimulationsonparallelcomputers.

We presentnew multi-constrainthypergraphpartitioningalgorithmsthat arebasedon the multilevel hypergraph
partitioningparadigm[8, 2, 12]. Our work focuseson developingnew typesof heuristicsfor coarsening,andre-
finementthatarecapableof successfullyhandlingmultiple constraints.We experimentallyevaluatetheeffectiveness
of our multi-constraintpartitioneron a varietyof syntheticallygeneratedproblemsderived from theISPD98bench-
marksuite[1]. Ourexperimentsshow thatourmultilevel multi-constrainthypergraphpartitioningalgorithmsareable
to producehigh quality partitioningsthat satisfythe multiple balancingconstraints,in a relatively small amountof
time. Comparingthe quality of thesemulti-constraintpartitioningsto thoseof the (mucheasier)single-constraint
partitionings,we seethatour algorithmsleadto a moderateincreasein thenumberof hyperedgesthatarecut by the
partitioning.

2 Multi-Constraint Bisection Definition
Considera hypergraphG = (V, E), suchthateachvertex v ∈ V hasa weightvectorw v of sizem associatedwith it,
andeachhyperedgee ∈ E hasa scalarweightwe. Let [l i , ui ] for i = 1, 2, . . . , m, be m intervalssuchthat l i < ui

andl i + ui = 1. Let P bea vectorof size|V |, suchthat for eachvertex v, P[v] is eitheroneor two, dependingon
whichpartitionv belongsto, i.e., P is thebisectionvector.

We placeno restrictionson theweightsof thehyperedgesbut we will assume,without lossof generality, that the
weightvectorsof theverticessatisfythepropertythat

∑
∀v∈V wv

i = 1.0 for i = 1, 2, . . . , m. If thevertex weightsdo
not satisfytheaboveproperty, we candivideeachw v

i by
∑

∀v∈V wv
i to ensurethatthepropertyis satisfied.Notethat

this normalizationdoesnot in any way limit ourmodelingability.
We definethemulti-constrainthypergraphbisectionproblemasfollows: Computea bisectionP of V thatmini-

mizesthehyperedgecutandat thesametime,thefollowing setof constraintsis satisfied:

l i ≤
∑

∀v∈V:P[v]=1

wv
i ≤ ui and l i ≤

∑

∀v∈V:P[v]=2

wv
i ≤ ui for i = 1, 2, . . . , m. (1)

Definitions and Notations In thissectionwe introducesomedefinitionsandnotationsthatareusedthrough-out
thepaper.

1. Given a hypergraphG = (V, E), a vectorof m weightsassociatedwith eachvertex, a bisectionvectorP, and
a setof m balance-toleranceintervals [l i , ui ], we saythat P is a feasiblesolutionfor thebisectionproblemif
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Equation1 is satisfied.Thatis, a bisectionis feasibleif it satisfiesall thebalancingconstraints.

2. For eachvertex v, we definegain to bethereductionin thevalue oftheobjective function(e.g., cut) achieved
by moving v from thepartitionthatit belongsto to theotherpartition.

3. Given a setof objectsA suchthateachobjectx ∈ A hasa weight-vectorw x of sizem associatedwith it, we
definewA

i to bethesumof the i th weightsof theobjectsin theset;i.e., w A
i =

∑
∀x∈A wx

i .

3 Multile vel Algorithm for Multi-Constraint Partitioning

During the last few years,hypergraphpartitioningalgorithmsbasedon the multilevel paradigmhave gainedwide-
spreadacceptanceas they provide extremely high quality partitionings,they are very fast, and they can scaleto
hypergraphscontainingseveralhundredthousandsof vertices[8, 2, 12].

Multilevel partitioningalgorithmsconsistof threephases:(i) coarseningphase,(ii) initial partitioningphase,and
(iii) uncoarsening(or refinement)phase.Duringthecoarseningphase,asequenceof successively coarserhypergraphs
is constructedfrom the original hypergraphsuchthat the numberof verticesin successive coarserhypergraphsis
smaller. In theinitial partitioningphase,a partitioningof thecoarsesthypergraphis computed,usinga conventional
partitioningalgorithm.Finally, duringtheuncoarseningphase,startingwith thecoarsesthypergraph,thepartitioning
of the hypergraphis successively projectedto thenext level finer hypergraph,andrefinedusinga local partitioning
refinementheuristic.

In the restof this section,we presenta multilevel recursive bisectionalgorithmfor solving the multi-constraint
partitioningproblem. In particular, we presentalgorithmsfor the threephasesof themultilevel bisectionalgorithm,
namelycoarsening,initial bisection,andbisectionrefinementduringtheuncoarseningphase.

3.1 Coarsening Phase

During the coarseningphase,a sequenceof successively smallerhypergraphsis constructedby finding groupsof
verticesandmerging themtogetherto form theverticesof thenext level coarserhypergraph.A numberof schemes
have been developedfor selectingwhatgroupsof verticeswill bemergedtogetherto form singleverticesin thenext
level coarsehypergraphs[7, 8, 2, 12]. Of theseschemes,thefirst-choice (FC) scheme[7], hasbeenexperimentally
shown to producehighqualitybisections.

Theeasiestway to understandtheFC schemeis to think of thegraphrepresentationof thehypergraph,in which
eachhyperedgee is replacedby a clique[9] in which eachedgehasa weightof w/(|e| − 1), wherew and|e| arethe
weightandthesizeof theoriginalhyperedge,respectively. In theFC scheme[7], theverticesarevisitedin a random
order, andfor eachvertex v, the edgeincidenton v with the highestedge-weightis marked. Onceall the vertices
havebeenvisited,theunmarkededgesareremoved,andeachoneof theconnectedcomponentsof theresultinggraph
becomesa setof verticesto bemergedtogether.

TheFCschemetendsto remove alargeamountof theexposedhyperedge-weightin successivecoarsehypergraphs,
andthusmakesit easytofindhighqualityinitial bisectionsthatrequirelittle refinementduringtheuncoarseningphase.
In the context of multi-constraintpartitioning,this featureof the FC schemeis equallyapplicable,andis usefulfor
constructingsuccessive coarsehypergraphs.However, onecanalsousethe coarseningprocessto try to reducethe
inherentlydifficulty of the load balancingproblemdueto the presenceof multiple weights. In general,it is easier
to computea balancedbisectionif the valuesof the differentelementsof every weight vectorarenot significantly
different. In thesimplestcase,if for every vertex v, w v

1 = wv
2 = · · · = wv

m, thenthem-weightbalancingproblem
becomesidenticalto thatof balancinga singleweight. Soduringcoarsening,oneshouldtry (whenever possible)to
collapsegroupsof verticessoasto minimizethedifferencesamongtheweightsof themergedvertex.

We modifiedtheFC schemeto usesucha balancingprinciplein thefollowing way. Again,we visit theverticesin
a randomorder, but now insteadof markingtheedgeswith theheaviestweight,we first selecta setof edgeswhose
weight is no morethan10%lower thantheweightof theheaviest-weightedge,andthenamongthemwe mark the
onethatwill leadto themostbalancedmergedvertex, asdefinedby theratioof themaximumweightovertheaverage
weightof theresultingweightvector. We will referto this schemeasthebalancedfirst choicescheme(BFC).
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3.2 Initial Partitioning Phase

Thegoalof theinitial partitioningphaseof amultilevel algorithmis to computeabisectionof thecoarsesthypergraph
suchthatthebalancingconstraintis satisfiedandthepartitioningobjective is optimized.In our multi-constraintpar-
titioning algorithm,thebisectionof thecoarsesthypergraphis computedby performingmultiple randombisections
followedby a multi-constraintFM refinementstep(describedin thenext section)to improvethequality of thebisec-
tions. In particular, we performtendifferentrandombisections,andselecttheonewith thesmallesthyperedgecut as
thefinal solution.Thisapproachis similar to thatusedin single-constraintmultilevel hypergraphpartitioning[8, 2].

3.3 Uncoar sening Phase

Duringtheuncoarseningphase,apartitioningof thecoarserhypergraphis successivelyprojectedto thenext level finer
hypergraph,anda partitioningrefinementalgorithmis usedto optimizethe objective functionwithout violating the
balancingconstraints.

A classof local refinementalgorithmsthattendto produceverygoodresultswhentheverticeshave asingleweight
[8], arethosethatarebasedon theFM algorithm[4]. TheFM algorithmstartsby insertingall theverticesinto two
max-priorityqueues,onefor eachpartition,accordingto their gains. Initially all verticesareunlocked, i.e., they are
freeto move to theotherpartition. Thealgorithmiteratively selectsanunlockedvertex v from thetop of thepriority
queuefrom oneof the partitions(sourcepartition)andmoves it to the otherpartition (targetpartition). Thesource
partition is determinedbasedon whetherthecurrentbisectionis a feasiblesolutionor not. If it is feasible,thenthe
partition that containsthe highestgain vertex becomesthe source.On the otherhand,if it is not feasible(i.e., the
balancingconstraintis violated),thepartitionthatcontainsthelargestnumberof vertices,becomesthesource.When
a vertex v is moved,it is locked andthegainof theverticesadjacentto v areupdated.After eachvertex movement,
thealgorithmrecordsthevalue oftheobjectivefunctionachieved at thispointandwhetheror not thecurrentbisection
if feasibleor not. A singlepassof thealgorithmendswhenthereareno moreunlockedvertices.Then,therecorded
valuesof theobjective functionarechecked,andthepointwheretheminimumvaluewas achieved while achieving a
feasiblesolution,is selected,andall verticesthatweremovedafterthatpointaremovedbackto theiroriginalpartition.
Now, this becomestheinitial partitioningfor thenext passof thealgorithm.

ThissingleconstraintFM refinementalgorithmcanbedirectlyextendedwhentheverticeshavemultipleweightsby
modifyingthesource-partitionselectionscheme.In thismodifiedalgorithm,thesourcepartitionis selectedasfollows.
If the currentbisectionis feasible,thensimilarly to the single-weightFM algorithm,the partition that containsthe
highestgainvertex isselectedto bethesource.Ontheotherhand,if thecurrentbisectionis infeasible,thenthesource
partitionis determinedbasedonwhichpartitionis thelargest.However, unlikethesingle-weightbisectionproblem,in
thecaseof multiple weights,we mayhavebothpartitionsbeing“overweight”,for differentweights.For examplefor
a two-weightproblem,we mayhave that thefirst partitioncontainsmorethantherequiredtotal weightwith respect
to thefirst weight,whereasthesecondpartitioncontainsmorewith respectto thesecondweight. In ouralgorithmthe
sourcepartitionis theonethatcontainsthemostweightwith respectto any singleweight.For example,in thecaseof
a two-weightproblemanda45-55balancingconstraintfor eachoneof theweights,if (.56, .40) and(.44, .60) arethe
fractionsof thetwo weightsfor partitionsA andB, respectively, thenour algorithmwill selectB to bethesource,as
.60 is greaterthan.56(that A containswith respectto thefirst weight).We will referto this algorithmasFM1.

Oneof theproblemsof FM1 is thatit may make alargenumberof movesbeforeit canreachto a feasiblesolution,
or in theworst casefail to reachit all together. This is becauseit selectsthehighestgainvertex, irrespective of the
relativeweightsof thisvertex. For instance,in thepreviousexample,weselectedto move avertex from B, so thatwe
canreducewB

2 . However, thehighestgainvertex v from B, mayhave aweightvectorsuchthatw v
2 is muchsmaller

thanwv
1. As a result,in theprocessof trying to correcttheimbalancewith respectto thesecondweight,we mayend

up worseningthe imbalancewith respectto the first weight. In fact, in [6] it hasbeenshown that a schemeis not
guaranteedto reachto a feasiblesolution.

For this reason,we have developeda differentextensionof the FM algorithmcalledFM2, that is bettersuited
for refining a bisectionin the presenceof multiple vertex weights. This algorithmwas originally proposedfor the
multi-constraintgraphpartitioningproblem[6]. In FM2, insteadof maintainingonepriority queuewe maintainm
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queuesfor eachoneof thetwo partitions,wherem is thenumberof weights.A vertex belongsto only asinglepriority
queuedependingon therelative orderof theweightsin its weightvector. In particular, a vertex v with weightvector
(wv

1, wv
2, . . . , wv

m), belongsto the j th queueif wv
j = maxi (wv

i ). Given these2m queues,the algorithmstartsby
initially insertingall theverticesto theappropriatequeuesaccordingto their gains.Then,thealgorithmproceedsby
selectingoneof these2m queues,pickingthehighestgainvertex from thisqueue,andmoving it to theotherpartition.
Thequeueis selectedasfollows. If thecurrentbisectionrepresentsa feasiblesolution,thenthequeuethatcontains
the highestgain vertex amongthe 2m verticesat the top of the priority queuesis selected.On the otherhand,if
thecurrentbisectionis infeasible,thenthequeueis selecteddependingon therelative weightsof the two partitions.
Specifically, if A and B arethe two partitions,thenthealgorithmselectsthequeuecorrespondingto the largestw x

i
with x ∈ {A, B} andi = 1, 2, . . . , m. If it happensthattheselectedqueueis empty, thenthealgorithmselectsavertex
from thenon-emptyqueuecorrespondingto thenext heaviestweightof thesamepartition. For example,if m = 3 and

(wA
1 , wA

2 , wA
3 ) = (.43, .60, .52) and (wB

1 , wB
2 , wB

3 ) = (.57, .4, .48),

thealgorithmwill selectthesecondqueueof partition A. If this queueis empty, it will thentry thethird queueof A,
followedby thefirst queueof A. Note thatwe give preferenceto the third queueof A asopposedto thefirst queue
of B, even thoughB hasmoreof thefirst weight than A doesof the third. This is becauseour goal is to reducethe
secondweightof A. If thesecondqueueof A is non-empty, wewill selectthehighestgainvertex from thatqueueand
moveit to B. However, if this queueis empty, we still will like to decreasethesecondweightof A, andtheonly way
to do that is to move anodefrom A to B. This is why whenour first-choicequeueis empty, we thenselectthemost
promisingnodefrom thesamepartitionthatthisfirst-queuebelongsto.

4 Experimental Results

We experimentallyevaluatedthequality of thepartitioningsproducedby our multilevel multi-constrainthypergraph
bisectionalgorithmonasetof two- andthree-weightproblemssyntheticallyderived from the18hypergraphsthatare
part of the ISPD98circuit partitioningbenchmarksuite[1]. The characteristicsof thesehypergraphsareshown in
Table1.

Benchmark No. of vertices No. of hyperedges
ibm01 12506 14111
ibm02 19342 19584
ibm03 22853 27401
ibm04 27220 31970
ibm05 28146 28446
ibm06 32332 34826
ibm07 45639 48117
ibm08 51023 50513
ibm09 53110 60902
ibm10 68685 75196
ibm11 70152 81454
ibm12 70439 77240
ibm13 83709 99666
ibm14 147088 152772
ibm15 161187 186608
ibm16 182980 190048
ibm17 184752 189581
ibm18 210341 201920

Table 1: The characteristics of the various hypergraphs used to evaluate the multilevel hypergraph partitioning algorithms.

Our startingpoint for deriving thesyntheticmulti-weighthypergraphswas thesingle-weightISPD98circuitsthat
containtheactualareasfor eachoneof thecell. For bothourtwo- andthree-weightproblems,thefirst weightis always
equalto theactualareaof thecell. Thesecondweightfor eachcell wassetto beequalto thenumberof netsthateach
cell belongsto (i.e., theincidentdegreeof eachcell). In thecaseof thethree-weightproblem,thethird weightwasset
to beequalto thefan-outof eachcell. We obtainedthatby assumingthatthestartingcell for eachnetin theISPD98
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circuits,is thedriving cell for this net.
In all of our experiments,we setbalancetolerancesto be 45-55for eachof the differentvertex weights,that is

[l i , ui ] = [.45, .55] for i = 1, 2, 3. We performedall of our experimentson a 450MHz PentiumIII–basedLinux
workstation.

4.1 Comparison of Refinement Schemes

In ourfirst setof experiments,wecomparetheperformanceof thetwo differentmulti-constraintrefinementalgorithms
FM1 andFM2 describedin Section3.3. In orderto isolatetheeffectsof themultilevel paradigm,we performedthese
comparisonsby usingthesealgorithmsto computea bisectionof the original hypergraph,without performingany
coarsening.

Table2 showsavarietyof statisticsfor thetwo refinementalgorithmsfor all thecircuitsof theISPD98benchmark
for two- andthree-constraintproblems.For eachcircuit we performed50differentrunsusingboththeFM1 andFM2
refinementalgorithms.Thecolumnslabeled“Min-Cut” show theminimumcutachieved whereasthecolumnslabeled
“Avg-Cut” show theaveragecutachieved over all these50differentruns.To comparetherelativeperformanceof FM2
over FM1, we computedthestatisticsshown in thelast two columnsof Table2. Thesecolumnswherecomputedby
dividing themin-cut(average-cut)achieved by FM2 with themin-cut(average-cut)achieved by FM1. Any numbers
lower than1.0, indicatethat FM2 performsbetterthanFM1. Finally, the row labeled“ARQ” shows the Average
RelativeQualityof FM2 relative to FM1, andwas obtainedby averagingthevalueson therespectivecolumns.

As we canseefrom this table,FM2 producesresultsthatarebetterthanthoseproducedby FM1. In particular, on
theaverage,FM2 performs2% betterwith respectto theminimumcut,and9% betterwith respectto theaveragecut.
Lookingat theindividualprobleminstanceswe canseethatwith respectto theminimumcut,FM1 doesat least10%
worsethanFM2 in 9 out of the36 instances,whereasFM2 doesat least10%worsein 7 instances.Similarly, with
respectto theaveragecut, FM1 doesat least10%worsethanFM2 in 19 instances,whereasFM2 doesat least10%
worsein 0 instances.

4.2 Comparison of Coarsening Schemes

In our secondset of experiments,we comparethe performanceof the two different coarseningschemesFC and
BFC describedin Section3.1. In theseexperimentswe usedFM2 as the multi-constraintrefinementalgorithmin
themultilevel framework. Table3 shows a varietyof statisticsfor the two coarseningschemes.For eachcircuit we
performed10differentrunsusingboththeFC andBFC refinementalgorithms.

As wecanseefrom this table,thereis little differencebetweenthetwo coarseningschemes.BFC tendsto produce
bisectionsthat aresomewhat betterthanthoseproducedby FC, but the differenceis quite small. In particular, on
theaverageBFC performs2% betterwith respectto theminimumcut,and0% betterwith respectto theaveragecut.
Looking at the individual probleminstanceswe canseethatwith respectto theminimumcut, FC doesat least10%
worsethanBFC in 3 out of the 36 instances,whereasBFC doesat least10%worsein 1 instances.Similarly, with
respectto theaveragecut,FCdoesat least10%worsethanBFCin 3 instances,whereasBFC doesat least10%worse
in 4 instances.

4.3 Comparison of Multile vel vs Single-le vel Partitioner s

In our third setof experiments,wecomparetheperformanceof theFM2-basedsingle-level multi-constraintpartition-
ing algorithmagainstthemultilevel multi-constraintpartitioningalgorithmthatusesBFC for coarseningandFM2 for
refinement.Table4 shows avarietyof statisticsfor thetwo partitioningalgorithms.For eachcircuit weperformed50
differentrunsof thesingle-level partitioningalgorithmand10 differentrunsof themultilevel partitioningalgorithm.
Notethatthecolumnslabeled“Time” shows thetotalamountof time in seconds,requiredto computeall thedifferent
bisections.

As we canseefrom this table,themultilevel multi-constraintpartitioningalgorithmperformssubstantiallybetter
than the single-level partitioningalgorithm. In particular, on the averagethe multilevel algorithm performs29%
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FM1 FM2 FM2 relative to FM1
Circuit NCon Min-Cut Avg-Cut Min-Cut Avg-Cut Min-Cut Avg-Cut
ibm01 2 353 585.00 318 534.60 0.90 0.91
ibm01 3 515 795.20 421 659.20 0.82 0.83
ibm02 2 342 730.90 344 565.60 1.01 0.77
ibm02 3 423 827.70 314 634.30 0.74 0.77
ibm03 2 1051 1799.00 1072 1761.60 1.02 0.98
ibm03 3 1176 2165.50 1091 1837.50 0.93 0.85
ibm04 2 962 1714.50 871 1409.40 0.91 0.82
ibm04 3 1008 1842.70 945 1608.20 0.94 0.87
ibm05 2 2185 3572.70 2763 3541.20 1.26 0.99
ibm05 3 2099 3367.90 2333 3356.70 1.11 1.00
ibm06 2 972 1297.20 999 1370.30 1.03 1.06
ibm06 3 1025 1413.60 1045 1515.10 1.02 1.07
ibm07 2 1319 2212.30 1237 2139.40 0.94 0.97
ibm07 3 1241 2432.70 1317 2545.70 1.06 1.05
ibm08 2 1815 4394.20 1734 3214.10 0.96 0.73
ibm08 3 1832 3854.30 1890 2849.50 1.03 0.74
ibm09 2 1039 2711.70 1170 2248.10 1.13 0.83
ibm09 3 1627 3609.00 1663 3122.30 1.02 0.87
ibm10 2 1486 2534.90 1767 2581.00 1.19 1.02
ibm10 3 1975 3339.70 1691 2920.90 0.86 0.87
ibm11 2 1426 3657.80 1157 3196.10 0.81 0.87
ibm11 3 2089 4971.70 2039 4545.20 0.98 0.91
ibm12 2 2566 3656.60 2535 3664.70 0.99 1.00
ibm12 3 2725 5085.50 2713 3954.60 1.00 0.78
ibm13 2 1331 2261.80 1352 2422.10 1.02 1.07
ibm13 3 1330 3552.20 1451 3452.30 1.09 0.97
ibm14 2 5244 10534.90 3833 9471.40 0.73 0.90
ibm14 3 3224 7080.90 3592 6457.90 1.11 0.91
ibm15 2 4955 7994.90 4583 7690.50 0.92 0.96
ibm15 3 6511 9631.00 4842 9470.00 0.74 0.98
ibm16 2 2676 6779.40 3171 6091.50 1.18 0.90
ibm16 3 5441 9103.60 4309 7811.50 0.79 0.86
ibm17 2 3596 9066.10 3604 8467.80 1.00 0.93
ibm17 3 3921 10818.50 4873 9013.60 1.24 0.83
ibm18 2 3362 8221.50 3475 7701.50 1.03 0.94
ibm18 3 5420 8252.60 4056 8394.30 0.75 1.02
ARQ 0.98 0.91

Table 2: The performance of the FM1 and FM2 multi-constraint refinement algorithms for computing a bisection for hypergraphs
with two and three constraints. For each scheme we show the minimum and average hyperedge cut achieved in 50 different runs.
The columns labeled “FM2 relative to FM1” computes the relative minimum and average cut achieved by FM2 relative to that
achieved by FM1. The row labeled ’ARQ’ shows the Average Relative Quality of FM2 relative to FM1. For example, the ARQ value
of 0.91 for the average cut, indicates that FM2 produces partitionings that on the average they cut 9% fewer hyperedges than those
produced by FM1. The column labeled “NCon” indicates the number of balancing constraints.

betterwith respectto the minimumcut, and52% betterwith respectto the averagecut. Looking at the individual
probleminstanceswe canseethat with respectto the minimum cut, the single-level algorithmdoesat least10%
worsethanthe multilevel algorithmin 31 out of the 36 instances,whereasthe multilevel algorithmis never worse.
Similarly, with respectto theaveragecut, thesingle-level algorithmdoesat least10%worsethanmultilevel in all 36
instances.Note that theseresultsareconsistentwith similar experimentscomparingthe multilevel andsingle-level
partitioningalgorithmsfor singleconstraintproblems[1]. Finally, comparingthecomputationalrequirementsof the
two algorithms,we canseethat the multilevel algorithmis significantlyfasterthanthe single-level FM2 algorithm.
In factcomparingthetotal time requiredto partitionall 36 probleminstances,thesinglelevel algorithmis about10
timesslower.

4.4 Comparison of Multile vel Single- and Multi-Constraint Partitioner s

In our lastsetof experiments,we comparetheperformanceof our multilevel multi-constraintpartitioningalgorithm
againstthe performanceof hMETIS [5], which is a fastandhigh-qualitysingle-constraintmultilevel partitioningal-
gorithm. Of course,hMETIS cannotcomputemulti-constraintpartitionings,but whenappliedto the original single-
constraintproblem,it can provide us with someindicationsaboutthe penaltyassociatedwhen trying to balance
multipleconstraints.
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FC+FM2 BFC+FM2 BFC relative to FC
Circuit NCon Min-Cut Avg-Cut Min-Cut Avg-Cut Min-Cut Avg-Cut
ibm01 2 305 329.7 304 332.9 1.00 1.01
ibm01 3 311 343.9 297 325.4 0.95 0.95
ibm02 2 298 330.8 299 332.3 1.00 1.00
ibm02 3 310 362.7 297 355 0.96 0.98
ibm03 2 956 961.5 957 984 1.00 1.02
ibm03 3 956 963 963 1019.9 1.01 1.06
ibm04 2 680 725.9 686 818.6 1.01 1.13
ibm04 3 690 765 716 843 1.04 1.10
ibm05 2 1710 1762.2 1747 1776.6 1.02 1.01
ibm05 3 1710 1758.6 1751 1785.3 1.02 1.02
ibm06 2 937 980.6 967 1008 1.03 1.03
ibm06 3 943 1016.8 929 1009.6 0.99 0.99
ibm07 2 1032 1044.8 1000 1044.5 0.97 1.00
ibm07 3 1026 1050.4 1013 1049.3 0.99 1.00
ibm08 2 1332 1439.6 1324 1495.5 0.99 1.04
ibm08 3 1337 1475.5 1336 1431.1 1.00 0.97
ibm09 2 687 757.7 679 813.5 0.99 1.07
ibm09 3 684 736.6 684 795.7 1.00 1.08
ibm10 2 1496 1635.5 1418 1563.6 0.95 0.96
ibm10 3 1423 1589.3 1438 2013.1 1.01 1.27
ibm11 2 975 1189.7 974 1110.2 1.00 0.93
ibm11 3 966 1067.7 963 1039.4 1.00 0.97
ibm12 2 3180 3702.9 2522 3698.1 0.79 1.00
ibm12 3 2807 3550.5 2517 3115.5 0.90 0.88
ibm13 2 882 1074 855 1009.2 0.97 0.94
ibm13 3 876 1044.3 842 877.6 0.96 0.84
ibm14 2 2007 2156.9 1970 2214.5 0.98 1.03
ibm14 3 1945 2190 1961 2168.3 1.01 0.99
ibm15 2 3948 5645.1 2712 4372.2 0.69 0.77
ibm15 3 2712 4232.2 2771 3748.7 1.02 0.89
ibm16 2 1829 2723.7 2212 2902.2 1.21 1.07
ibm16 3 2113 2356.9 2100 2611.7 0.99 1.11
ibm17 2 2436 2499.2 2305 2538.1 0.95 1.02
ibm17 3 2390 2594 2337 2613 0.98 1.01
ibm18 2 1865 2036.8 1748 1932.9 0.94 0.95
ibm18 3 1875 2085.6 1818 2043.2 0.97 0.98
ARQ 0.98 1.00

Table 3: The performance of the multi-constraint bisection algorithm using the FC and BFC coarsening schemes.

Table5 showsavarietyof statisticsfor thetwo partitioningalgorithmsfor all thecircuitsof theISPD98benchmark
for one-, two-, and three-constraintproblems. For eachcircuit we performed10 different runs of the multilevel
partitioningalgorithms.For hMETIS weusedthelatestavailableversion(version1.5.3),andweusedFCfor coarsening,
FM for refinement,andwe did not performany V-cycle refinement. For our multi-constraintalgorithm,we used
BFC for coarseningandFM2 for refinement.To comparethe relative performanceof multi- over single-constraint
algorithms,we computedthestatisticsshown in thecolumnslabeled“Rel-Min” and“Rel-Avg”, in a fashionsimilar
to thatwedid in Section4.1.

As we canseefrom this table,thebisectionsthatsatisfymultiplebalancingconstraintstendto cuta largernumber
of hyperedgescomparedto the bisectionsthat needto satisfya singlebalancingconstraint. In particular, for both
the two andthreeconstraintproblems,themulti-constraintbisectionscut about30%morehyperedges.This should
not be surprising,ascomputinga bisectionthat satisfiesmultiple balancingconstraintsis substantiallyharderthan
computingasingle-constraintbisection.This is becauseasweincreasethenumberof constraints,thefeasiblesolution
spacebecomessmalleraswell asfragmented.Thus,theremaybefewer high-qualitybisections,andalsodueto the
fragmentation,it maybeharderto find them.Also, thequalityof themulti-constraintrelative to thesingle-constraint
solutiondependson how unbalancedthesingle-constraintsolutionis. For example,if thesingle-constraintbisections
producedbyhMETIS for ibm04, ibm06, ibm13,andibm16areusedto induceabisectionfor thetwo-constraintproblem,
thenthebalancewith respectto thesecondweight is [.40, .60], [.01, .99], [.50, .50],and[.43, .57],respectively. As
wecansee,ibm06is themostunbalanced,whichis relatedto thelargecutobtainedby themulti-constraintalgorithm.
On the otherhand,ibm13 happensto be balancedwith respectto the secondconstraint,so the cutobtainedby the
multi-constraintalgorithmis similar to thatobtainedby hMETIS.

Finally, comparingthecomputationalrequirementsof the two algorithms,we canseethatasthenumberof con-
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FM2 Multilevel BFC+FM2 Multilevel relative to FM2
Circuit NCon Min-Cut Avg-Cut Time Min-Cut Avg-Cut Time Min-Cut Avg-Cut
ibm01 2 318 534.60 70.32 304 332.90 14.08 0.96 0.62
ibm01 3 421 659.20 78.40 297 325.40 15.46 0.71 0.49
ibm02 2 344 565.60 132.84 299 332.30 30.70 0.87 0.59
ibm02 3 314 634.30 150.40 297 355.00 30.99 0.95 0.56
ibm03 2 1072 1761.60 200.96 957 984.00 29.99 0.89 0.56
ibm03 3 1091 1837.50 236.74 963 1019.90 34.89 0.88 0.56
ibm04 2 871 1409.40 218.65 686 818.60 35.94 0.79 0.58
ibm04 3 945 1608.20 257.76 716 843.00 36.85 0.76 0.52
ibm05 2 2763 3541.20 299.29 1747 1776.60 50.59 0.63 0.50
ibm05 3 2333 3356.70 341.99 1751 1785.30 52.98 0.75 0.53
ibm06 2 999 1370.30 306.71 967 1008.00 52.70 0.97 0.74
ibm06 3 1045 1515.10 345.39 929 1009.60 57.76 0.89 0.67
ibm07 2 1237 2139.40 442.58 1000 1044.50 70.84 0.81 0.49
ibm07 3 1317 2545.70 483.86 1013 1049.30 70.53 0.77 0.41
ibm08 2 1734 3214.10 976.96 1324 1495.50 89.31 0.76 0.47
ibm08 3 1890 2849.50 962.48 1336 1431.10 105.98 0.71 0.50
ibm09 2 1170 2248.10 514.98 679 813.50 81.45 0.58 0.36
ibm09 3 1663 3122.30 581.44 684 795.70 85.70 0.41 0.25
ibm10 2 1767 2581.00 801.56 1418 1563.60 116.79 0.80 0.61
ibm10 3 1691 2920.90 898.22 1438 2013.10 131.27 0.85 0.69
ibm11 2 1157 3196.10 873.34 974 1110.20 107.09 0.84 0.35
ibm11 3 2039 4545.20 953.51 963 1039.40 107.42 0.47 0.23
ibm12 2 2535 3664.70 785.46 2522 3698.10 107.60 0.99 1.01
ibm12 3 2713 3954.60 832.42 2517 3115.50 122.82 0.93 0.79
ibm13 2 1352 2422.10 1006.28 855 1009.20 132.88 0.63 0.42
ibm13 3 1451 3452.30 1131.50 842 877.60 129.88 0.58 0.25
ibm14 2 3833 9471.40 2592.91 1970 2214.50 273.04 0.51 0.23
ibm14 3 3592 6457.90 2444.16 1961 2168.30 324.99 0.55 0.34
ibm15 2 4583 7690.50 2857.68 2712 4372.20 293.24 0.59 0.57
ibm15 3 4842 9470.00 3049.41 2771 3748.70 330.78 0.57 0.40
ibm16 2 3171 6091.50 2966.12 2212 2902.20 363.68 0.70 0.48
ibm16 3 4309 7811.50 3279.86 2100 2611.70 409.37 0.49 0.33
ibm17 2 3604 8467.80 3640.84 2305 2538.10 502.02 0.64 0.30
ibm17 3 4873 9013.60 3733.47 2337 2613.00 567.93 0.48 0.29
ibm18 2 3475 7701.50 6261.56 1748 1932.90 473.90 0.50 0.25
ibm18 3 4056 8394.30 6327.64 1818 2043.20 523.32 0.45 0.24
ARQ 0.71 0.48
Tot. Time 51037.69 5964.76

Table 4: The performance of the single-level and multi-level multi-constraint bisection algorithms.

straintsincreases,theoverallamountof timerequiredto computethebisectionsalsoincreases.However, this increase
is quitesmall. Comparingthetotal amountof time to bisectall 18 circuits,thetwo- andthree-constraintpartitioners
require17%and30%moretime thanthesingle-constraintalgorithm,respectively.
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